ON THE POTENTIAL OPERATOR FOR ONE-
DIMENSIONAL RECURRENT RANDOM WALKS(")

BY
CHARLES J. STONE

1. Introduction. Let p denote a nondegenerate probability measure on R¢
which generates a recurrent random walk on R% Then

(1.1) z w™(A) = oo, A = R° open and nonempty,
n=1

where p™ denotes the n-fold convolution of n with itself. Let 4(6), 6 € R%, denote
the characteristic function of x. Let X denote the closed subgroup of R¢ generated
by the support of u. Without loss of generality, we can assume that X is d-dimen-
sional. Then d=1 or d=2. If d=1, let ¢? denote the variance of pu.

In [3] S. Port and the author showed that there is always a potential operator
associated with p that has useful properties. In the two-dimensional case our
results were self-contained. In the one-dimensional case, however, the proof con-
sisted of a reduction to the nonsingular case which had been treated earlier by
Ornstein [1] and [2]. All of these results are, of course, extensions of results of
Spitzer (see [5]) for lattice random walks.

The main purpose of this paper is to present a new and simpler proof of those
consequences of Ornstein’s work which were used in [3]. The result of [3] which
depended on Ornstein’s work will be stated here as

THEOREM 1. Let d=1 and let a be a sufficiently small positive number such that
wO)#1 for 0<|0|<a. Then
1 [e i0

. L)
(.2 im= ) . T=0m@ ¢

exists and is finite and

a l()eiyo - s
(1.3) yl‘i“wliﬁ‘zw LTowam® s T

As a related result we have

THEOREM 2. Let d=1 and let a be a sufficiently small positive number such that
W0)#1 for 0<|0|<a. Then

49 flaléa 2R(l—;ﬁ(e)) a0 = .
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Theorem 2 was proven by Spitzer [5] in the lattice case and by Ornstein [1] and
[2] in general. It extends a classical result of Chung and Fuchs. Theorem 2 was
not used in [3]. It is stated and proved here only because its proof follows almost
immediately from that of Theorem 1. Theorem 2 is also valid in the two-dimen-
sional case. The proof is rather similar, but easier since the analogy of Theorem 1
in the two-dimensional case is trivial.

In the proofs below we will use without further mention the facts that

1.5 [1-2a(0)] = A|1—4(f)], O=<A=1landf€eR,
and that there exist positive numbers a and ¢ such that

1=2a(0)] 2 R(1—Aa(6))

(1.6) ZRUA—-p0)=clf?], O0=A=land]|f] =a.
As a first step in the proof of Theorems 1 and 2 we clearly have

LEMMA 1. Let v denote a nondegenerate probability measure on R and let ¥ denote
its characteristic function. Suppose that

1.7 f _:

If (1.2), (1.3), and (1.4) hold when . is replaced by p then Theorem 1 holds.

@;;L(g)lde<oo.

We say that a probability measure u on R? is nonsingular if it is nonsingular
with respect to Lebesgue measure on R%. We say that p is strongly nonlattice if

(1.8) lim sup |a()| < 1.

A sufficient condition for & to be strongly nonlattice is that x be nonsingular. If ¢
is strongly nonlattice, then

(1.9 a0 # 1, 6 # 0.
A second observation, essentially made in [3], can be stated as

LEMMA 2. There is a nonsingular (and hence strongly nonlattice) probability
measure v on R which defines a recurrent random walk on R and is such that its
characteristic function v satisfies (1.7).

By Lemmas 1 and 2, Theorem 1 reduces to

THEOREM 1’. Theorem 1 holds under the additional restriction that p be strongly
nonlattice (or nonsingular).

Similarly Theorem 2 reduces to

THEOREM 2'. Theorem 2 holds under the additional restriction that w be strongly
nonlattice (or nonsingular).
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Theorems 1’ and 2’ were proven by Ornstein in [1] (¢ nonsingular). We will
present new and simpler proofs of these results below. The proofs will be patterned
in part on methods of Port and Stone [3] and Spitzer [5].

In §2 we will introduce more notation, reformulate Theorems 1’ and 2’ and
obtain some elementary results. The proof of Theorems 1’ and 2’ will be completed
in §3.

In §4 we will discuss the modifications necessary to sharpen the first part of
Theorem 1 by showing that under the conditions of the theorem

lim L [* A=A"0)

— | B g
e 2w J o (1—f(6))

exists and is finite. This corresponds to proving the ordinary convergence of various
sums arising in [3] instead of the slightly weaker Abel summability. In applications
it does not seem to matter whether convergence or Abel summability is used.

2. Preliminaries. We assume in this section that d=1 and that p is strongly
nonlattice.

For an integrable function f on (—oo, o) let f denote its Fourier transform,
defined by

f6) = J' : ¢*f(x)dx, 6eR.

Let & denote the collection of all continuous real-valued functions fon (—o0, o)
which have compact support and are such that f is absolutely integrable on
(—o0, ). For fe & we have the inversion formula

@.1) 1) = 2iﬂ f ® e-9f(6)ds, xeR
For fe & set
Jf) = f " f)dx and K(f) = f () dx.

Then f(0)=J(f) and f'(0)=iK(f). Also
2.2 f(0) = J(f)+i6K(f)+0(6%), 6—0.

Let &* denote the collection of nonnegative functions in . For any constants
0<a<oo and —o<b<oo, we can find an fe §F+ such that J(f)=a and K(f)=b.
For 0= A<1 let U” be the operator defined on & by

U = 3 0 [fceuo@), ferandxer
Then by (2.1)
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Let g be a fixed element of F* with J(g)=1 and K(g)=0. Set ¢*=U’g(0),
0=<A<1. For0=A<1 let A* be the operator defined on & by

AM(x) = N(f)—UM(x), fe@and xeR.
It follows from (2.3) that

@4 1) = 2= [ EEHD= 0 gy

and )

2.9) Afn) -0 = 5 [ "‘”“1“_";’:2;}‘9) (6) do.
For fe & and y € R let f, € % be defined by f,(x)=f(x—y), x € R. Then

(2.6) J(f) = I,

2.7 K(f) = K(H)+»J(f),

(2.8) UM, (x) = UM(x—y), 0<A<land xeR,

and

2.9 AMy(x) = AM(x—Y), 0< X< land xeR.

Also if fe &+, then f, e T+.
It follows from (2.4) and (2.5) that Theorem 1 is equivalent to

THEOREM 3. Let d=1 and let p be strongly nonlattice. For f€ § and —o0 <x <0

(2.10) lml AM(x) = Af(x)
exists and is finite. Also
(2.11) yli{_}lw (Af(x+y)—Af(y)) = £xo72J(f).

The convergence in these limits is uniform on compacts.

ReMARK. In order to prove Theorems 1’ and 3 it suffices to prove Theorem 3

for fe F+.

We can easily prove as a special case of Theorem 3
LEMMA 3. For fe & with K(f)=0

(2.12) lglll (Af)+A1(=y)
exists and is finite. Moreover
(2.13) ]}Ln; y! 1;?11 (A +Af(=p) = 2072(f).

Proof of Lemma 3. From (2.4) we obtain

C1)  ay+as-y =2 [T EEDCIND yq) i,

The remainder of the proof follows that of Spitzer [5, pp. 345-346].
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It follows from (2.12) and (2.14) that Theorem 2’ is implied by

THEOREM 4. Let d=1 and let p be strongly nonlattice. For fe &* such that

J(f)>0 (and K(f)=0)

(2.15) lim lim (4f(y)+4f(=y)) =
yoo A

We can also obtain directly

LEMMA 4. For fe ¥ and x € R
(2.16) lm (Af(y+2x) =24y + %)+ A1()))

exists and is finite. Moreover

.17 Ilim “’S AM(y+2x) =24 (y+x)+ A (y)) = 0.
x|—=o A

The convergence in these limits is uniform on compacts.

Proof of Lemma 4. From (2.4) or (2.5) we obtain

e%e (1 — cos x0)f(= 0)p(0) 4o
1—Aa(6)

from which the lemma follows by dominated convergence and the Riemann-
Lebesgue Lemma.

(2.18) Af(y+2x) =24 (y+x)+Af(y) = gj_

LEMMA 5. Suppose o? <co. Then for fe &
(2.19) lim 41(y) = Af(»)
exists and is finite and the convergence is uniform on compacts. Moreover
(2.20) , lim Yy HAf(y) = o 2(f).

Proof of Lemma 5. If ¢2 <00, then as is well known

@.21) f I REG

df <

—o|

It follows easily that
l @
PN _ _
(2.22) l;g Af) = 4f(Y) = 5. f_w

((g( )JI(f)—e¥*f(~ 0))#(0))
1—£i(9)

and the convergence is uniform on compacts. Thus

2.2 -0 =5 [ (1= e‘i")f:f(e)"h*(*’))

It is easily seen that

(2.24) lim [

ly|=» o

ARO[ w (=am) ] = o
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From (2.21) we obtain easily

. 1 ! sin y0g6(0)
2.25 lim — [ SIYUSEL) 4o — 0.
(2.29) a3y ) TP 4 =0

We also have that

. 1 ' (1=cosy)R(1—40) ,, .. 1 (' 1—cosyf
Jim o | S T = lim G [ S e
(2.26)
+1 (® l—cos?® -
“r) . @ W=

Lemma 5 now follows from (2.24), (2.25), and (2.26).

Let S, denote the random walk with transition distribution p. Then the S,’s
are real-valued random variables; S, S;—S,, S;—Si,... are independent; and
S1—3So, So— S, ... have distribution u. Let E, denote expectation when S,=x.

Let B be a fixed Borel subset of R which is relatively compact and has a non-
empty interior. Let 15(x), x € R, denote the indicator function of B. Set

Ty =min{n > 0: S,€B}.
For 0=A<1 let G3 and II} be operators on & defined by

L) = E, Z YA(S,)

and
N3 f(x) = EA"3f(Srp).

Set G,=G} and II;=1II}. Then

(2.27) l;gl Gy f(x) = Gpf(x)
and
(2.28) 1;}{‘ 3 f(x) = Hpf(x),

both limits being uniform on compacts. (Actually the definition of II} and (2.28)
are valid for any continuous function f.) Note also that

(2.29) U (x) = Ex 2, Xf(S,).
1
As in [3] we have the important identity that for fe &, x€ R, and 0= A<1
(2.30) Uf(x) = Gy f(x)+ 113U f(x).
Set

Li(x) = M1 —TI31x(x)).
Then L3(x)=0. It follows from (2.30) that
(2.31) Af(x) =AY (x) = —Gpf(x)+La(x)J(f).
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Note finally that if C is a compact subset of R having a nonempty interior and
fe is such that f(x)=0, x ¢ C, then for xe Rand 0=A<1
(2.32) U (x) = ExA"(f(Src) + U’ (S1c)-

3. Proofs of Theorems 3 and 4. We assume again in this section that d=1 and
p is strongly nonlattice. We will prove Theorems 3 and 4, from which the other
theorems follow immediately.

Set

A8,
27 J_1 1—2a(0)
and let D*, 0\ <1, be the operator on & defined by
Df(x) = Af(x)+dNxJ(f)—K(f))
= cN(f)— UM (x)+d xJ(f)— K(f)).
LEMMA 6. For fe & and x € R

G.D lim D’f(x) = Df(x)

d* 6, O0=2Ai<l,

exists and is finite and the convergence is uniform on compacts.

Proof of Lemma 6.
e A Y B(=6J() — e f(— 0)i(6) + i6(xJ(f) — K(f))
@ =5 [ e o

A @=IN=e=f(-0)
HEZ3 Mt R

The second term causes no problem. In studying the first term, it suffices to study

A [ &= 0J() e (= 0)+ix0I(f)— 16K(f) 4,
27 ), 1—24(6) :

Recall that J(g)=1 and K(g)=0. Thus the numerator of the integrand is of the
form 0(62), and Lemma 6 now follows easily.
From (2.31) we get the identity

DV(x) = TIAD(x) = — G f(x)+( f)(Lg(x) +xd —d* f 2T(x, dz))
+ K(f)dN113(x, B)—1),

where I13(x, dz) is the measure defined by

3.2)

I f(x) = f Mi(x, d2)f(z), feand xeR.

The quantities Df(x), [I13D*f(x), and G} f(x) have limits as A4 1 which exist
uniformly on compacts (by (2.27) and (2.28) and Lemma 6). Since J(f) and K(f)
can be chosen arbitrarily we obtain from (3.2)
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LeEmMA 7. For xe R

3.3) lim (Lg(x)+di L 2T, dz))

exists and is finite and the convergence is uniform on compacts.
From this result we will get
LEMMA 8. lim sup,y; |d?| <co.
Proof of Lemma 8. By definition L3(x)=0 for 0SA<1 and x € R. Also there is

a finite constant M such that

|f zII}(x, dz)| = M, 0<A=land xeR.
B

Suppose lim sup,;; d*=0c0. Then by choosing x> M and using (3.3) we obtain
a contradiction.

Suppose instead that lim inf,; d*= —oco. Then by choosing x< —M and using
(3.3) we again get a contradiction. This proves the lemma.

Let A,, n=1, be any sequence of nonnegative numbers such that A, 41 as
n— oo and
(3.4 lim d*» = d

n—+ o
exists. By Lemma 8 such sequences exist and d is necessarily finite.
By (3.4) and Lemma 7 we see that

(3.5) lim Li(x) = La(x)

exists and is finite and the convergence is uniform on compacts. Clearly Lz(x)=0,
x € R. We cannot say yet, however, that Ly(x) is independent of the choice of the
sequence A,, n=1.

LEMMA 9. For fe & and x € R
3.6) lim AMf(x) = Af(x)

exists and is finite and the convergence is uniform on compacts.

Proof of Lemma 9. This result follows immediately from Lemma 6 and equation
(3.4). Again we cannot say yet that A is independent of the choice of the sequence
A, n21.

It now follows from equations (2.31), (2.27), (2.28), (3.5), and (3.6) that

(X)) Af(0) - pAf(x) = —Gpf(x)+La(x)J(f).

LemMA 10. For fe & and compact subset C, of R there is a finite constant M
such that

(3.8) |Af(y+2)—Af(y»)| S M, yeRandzeC,.
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Proof of Lemma 10. Let C be a compact subset of R havinga nonempty interior
and such that f(y)=0, y ¢ C, and

f-:(») =f(y+2) =0, zeCyand y ¢ C.
Then for z € C; by (2.32)
Uf(y+2)-Uf(y) = Uf-.(»)-U"f(»)
= EX(f_S1c) —f(S1c) + E,XTC(US - (S1) — U'S(Sc))
= EX'(f(z+S70) —f(S10)) + E,AT(Af(S10) — A'f(z+ Sz.).
The desired result now follows from Lemma 9.
LeMMA 11. If fe &, then
15 Af,(x)— Af,(0)
is uniformly bounded for x € R and y € R.
Proof of Lemma 11. Note that

L Af;(x) — Af,(0) = f T5(x, d2)(Afy(2) — Af;(0))

- f T5(x, dz)(Af(z—y)— Af(— ),

and the result follows from Lemma 10.
From (3.7) we see that if fe §, xe R and y € R, then

Af(x+y) = Af () — Af(y) = Af_y(x)— Af(x) — Af-,(0)
(3.9 = (IAf_(x)— Af-,(0))
—Af(x) = Gpf-y(x) + Gpf(x).
We study next the right side of (3.9). It follows from Lemma 11 that

(IpAf (%) — Af-4(0))

is bounded uniformly in x and y. Also II;4f(x) is bounded for x € R, since B is
relatively compact and A4fis bounded on compacts. Clearly G f(x) is bounded for
x€eR.

LeMMA 12, If fe$*, then Af(x+y)—Af(x)—Af(y) is bounded from above
uniformly for x € R and y € R.

Proof of Lemma 12. The result follows from (3.9), the observations which follow,
and the fact that if fe &+, then Gpf_,(x)=0 and hence —Gf_,(x) is bounded
from above uniformly in x and y.

LemMA 13. If fe &+ and J(f) >0, then
(3.10) | llim Gefy(y) = .
Y|=>o :
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Proof of Lemma 13. Note that

Tp

G Gaf) = B, 3 AS) = B, 2, f(8,=3) = E > 1S,
With probability one
(.12) lim Ty_, = co.

lyl =+

If fe &* and J(f) >0, then with probability one

(3.13) 2 £(S,) = co.

Lemma 13 follows from (3.11)-(3.13).
Proof of Theorem 4. Choose fe &* with J(f)>0. From (3.9), the observations
which follow it, and from Lemma 13 it follows that

(3.14) lim (4f(y)+4f(=y)) = .

Theorem 4 now follows from Lemma 9 and the first part of Lemma 3.
LeEMMA 14. If fe &+, then Af(x), x € R, is bounded from below.

Proof of Lemma 14. Let C be a compact set having a nonempty interior and
containing the support of f. Then by Lemma 9 there is a finite constant M such that

(3.15) UM0)—UMf(y) 2 —M, nzlandyeC.
We can also assume that
(3.16) fO)s M, yeR
Then by (2.32), (3.15), and (3.16) for xe R
UMf(0)— UMf(x) = UMf(0)— ExNcf(Sr)) — EcAToUMf(Sp)
Z EALe(UMf(0)— Uf(Sr,))—M = —2M.

Thus by Lemma 9, Af(x)—Af(0)= —2M, x € R, from which the desired result
follows.

LeMMA 15, If o2=c0 and f€ F*, then
(3.17) llim y rAf(y) = 0.
|y - 00
Proof of Lemma 15. The result follows immediately from Lemmas 3, 9, and 14.

This result complements Lemma 5.
Set A (y)=Af(»)—Af(y—x), x€ R and y € R. Then by Lemma 4

(3.18) Illim |A(y+x)—A(»)| =0, X €R,
Y| =00

and the convergence is uniform on compacts.
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LEMMA 16. If 0®>=c0 and fe F*, then
3.19) lllim Af(x+y)—Af(») =0, xeR,
Yy|—=00

and the convergence is uniform on compacts.

Proof of Lemma 16. By Lemma 12 there is a finite constant M such that, for
xeR, yeR, and n=1

Af(y+nx)—Af(y) = Af(nx)—Af(0)+ M
and hence that

A(y+x)+ - +A(y+nx) £ Af(nx)—Af(0)+ M.
Thus by (3.18) for fixed n=1

3.20) lim sup nA,(y+x) < Af(nx)—Af(0)+ M
y|—= o
uniformly on compacts. Thus by Lemma 15
3.21) 11ln11 sup A (y+x) =0
Yy|—= o

uniformly on compacts. It follows from (3.21) that

(322 lilml sup (4f(y+x)—Af(y)) = 0
Y| ©

and

(3.23) lim sup (47(3)~ A/(y+3)) 5 0,
Y|

both limits being uniform on compacts. Equation (3.19) follows from (3.22) and
(3.23).

LeMMA 17. If o®<o0 and fe §, then
(3.29) lim (Af(x+y)—Af(») = +xo~2J(f)
Y=+

and the convergence is uniform on compacts.

Proof of Lemma 17. Let C, be .a compact subset of R. Let C be a compact
interval of R having a nonempty interior and such that f(z)=f,(z)=0 for x € C;
and z ¢ C. Then from (2.32) we get that for 0SA<1,xe C,and ye R

U L) = US(y) = EX(fS1e) —f(Szo)) + E,AT(U*f(S1c) — U (Sro))
= EN(fS1c) —f(S10)) + E,AT(Af(S10) — A'fSro))-

It now follows from Lemma 9 that

(25 AL(N)—Af(y) = E(Af(Szo) — Af(Szc)) + E(f(S10) = f(Stc))-

It also follows from Lemma 9 that Af is a continuous function.
It follows from Theorem 3.4 of Spitzer [4] that the left and right ladder processes
associated with the random walk S, have finite means. It is now a consequence of
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the Blackwell renewal theorem that P,(Sy, € dz) have limiting distributions as
y — too.
Thus by (3.25)
Jm - (4f (x+y) - 4f(3))

exists and is finite and the convergence is uniform on compacts. Lemma 17 now
follows from Lemma 5.
From (3.7) we get that for fe §, x € R, and

(326)  (Af(x)— Af(0)) — I p(Af, — AfO)(x) = —Grfy(x)+Lp(x)J(f)
Thus from Lemmas 16 and 17 we get
LEMMA 18. If fe &* or <00 and f€ ¥, then

(.27) lim_ Gafy(x) = J()‘)(LB(x) Lo f (x—2)TT5(x, dz))

and the convergence is uniform on compacts.

Proof of Theorem 3. It follows from Lemma 18, by choosing fe &* with
J(f)>0, that Ly(x) is independent of the choice of the sequence A,, n= 1. Thus by
(3.3), the d in (3.4) is independent of the choice of the sequence A,, n= 1. Therefore
by Lemma 8

(3.24) limd* = d

A1

exists and is finite. Consequently (2.10) holds. It follows from Lemmas 16 and 17
that if fe §* or o<oo and fe, then (2.11) holds. By the remark following
Theorem 3, this completes the proof of Theorem 3.

4. On replacing Abel summability by convergence. Let P"f be defined by

P(x) = f S+ y)m(dy)

whenever f'is continuous, bounded, and integrable. Set

G,= > P¥
k=1
set ¢,=G,g(0), where g is as in §2 and set
Af = I()=Gaf = 2 (J(HP*O)—PH).
k=1
If
4.0 lim A4,f(x) = Af(x),

then
4.2) 1;\?} AM(x) = Af(x).
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Equation (4.1) states that the series

> UOPEO-PH)

is convergent, whereas (4.2) states the slightly weaker result that the series is Abel
summable.

Although (4.1) and (4.2) seem to be equally useful in applications it is still of
interest to know that (4.1) holds for suitable f. Following the arguments of [3] we
see that this is equivalent to replacing the first part of Theorem 1 by

THEOREM 5. Under the conditions of Theorem 1
. a 10(1— a(9))
Im o 217 =i <

exists and is finite.

Note that Theorem 5 states that the series

n 1 J‘a .
= i6a*(6) db
’;2” _, e (6)

is convergent, whereas the first part of Theorem 1 states only that the series is Abel
summable.
As was the case with Theorem 1, Theorem 5 can be reduced to

THEOREM 5'. Theorem 5 holds under the added restriction that n be strongly
nonlattice (or nonsingular).

To reduce Theorem 5 to Theorem 5, we find a strongly nonlattice probability
measure v defining a recurrent random walk and such that $(0)—i(6)=O(6*) as
0 — 0. Clearly

1

).

i0
T—A(0) 1 —v(@)

|d0<oo

Thus it suffices to show that

i0
=906

We can assume that a is such that for some ¢>0

4.3) lim -

n— 27T

57 2(6) =57 (8)] b = 0

4.9 |a(0)] = 1—c6?, 18] £ a,
and

@.5) PO < 1-ct?, 10| < a.
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This follows easily by truncating x and v and using the fact that these measures are
nondegenerate, By (4.4) and (4.5) we have that for |8 |<a
[ar*1(0) ="+ 1(6)| = (n+1)|a(6)—(8)|(1—cH?)"
< (n+ DIA(6)—5(6)| exp (— cné?)
< Ki(n+1)6* exp (—cnb?)
for some K; <co. Thus
i i9 an+lrgy _gn+1 3 2
3 || IO =90 < Ko+ DIof exp (—ent®),  10] 5 @

for some K< oco. Since

n

(n+1)fa 16| exp (—cnb?) df < *;IJ 16]2 exp (—c6?) df — 0
-a -®

n

as n— oo, (4.3) is valid.
Let pII*, zP", and G, be defined by

sIIf(x) = E,[f(S,); Ts = nl,  sP"f(x) = E.[f(S4); Ts 2 n],
and

8Gn = Z sP k,
k=1
The proof of Theorem 5’ is similar to that of Theorem 1’. The main difference
is that instead of (2.30) we start with
Pt = 2 BHkPn-k_l_BPn
k=1
and sum on n to get

(4.6) G, = slI*G,_ i+ 3G

NM=

k

1]
-

The identity (4.6) plays the same role in proving Theorem 5’ as (2.30) does in
proving Theorem 1'.
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